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Abstract 
 

The technology of obtaining graphene-based materials via graphite intercalation involves dissolution of solid ammonium 
persulfate granules in sulfuric acid. The objective of mathematical modeling of the process of synthesizing such materials is to 
develop a methodology for calculating parameters of industrial equipment. In this regard, an interval algorithm for simulating 
processes with moving interface boundaries is used herein. Mathematical models were presented for the dissolution of solid 
ammonium persulfate granules in sulfuric acid during and without mixing. The conditions of the mass transfer from the 
granule surface were considered in both cases. The developed mathematical models make it possible to assess the dissolution 
kinetics and the time for complete granules dissolution depending on the conditions of the process and the conditions ensuring 
its completion within a specified time frame. 
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Nomenclature  
 

τ – current time, s; dτ – time interval, s; D(τ) – diameter of the spherical granule, m; β – mass transfer coefficient, m/s;  
F(τ) – actual surface area of the granule, m2; ρs – density of the granule material, kg/m3; с∗ – temperature-dependent 
equilibrium concentration of the granule substance in solution, kg/m3; с – actual concentration of the granule substance in 
solution, kg/m3; d sNu D D=β – Nusselt diffusion number; Re wD= ρ μ

 
– Reynolds number; sSc D= ν – Schmidt number; 

Ds – diffusion coefficient for ammonium persulfate dissolution in sulfuric acid, m2/s;  w: peripheral velocity of a mixing device 
activator, m/s; ρ – density of sulfuric acid, kg/m3; μ – dynamic viscosity of sulfuric acid, Pa⋅s; ν – kinematic viscosity of 
sulfuric acid, m2/s; а(r, τ): concentration pattern of ammonium persulfate in sulfuric acid, kg/m3; f (r) – initial distribution of 
ammonium persulfate in sulfuric acid, kg/m3; R0 – actual radius of the ammonium persulfate particle, m; R1 – radius of a 
spherical region where the ammonium persulfate particle is dissolved, m; r – radial coordinate, m; μn, φn – characteristic 
numbers. 
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1. Introduction 
 

Graphene has been increasingly used in various 
fields owing to its unique physicochemical and thermal 
properties [1–3]. Developing an efficient, cheap and 
scalable process is actually the most important 
problem in its high-yield industrial fabrication.  

Graphene-based materials are usually produced as 
multi- or few-layered graphene nanoplatelets (GNPs) 

which are composed of thin stacks of platelet-shaped 
graphene sheets. Exfoliation of graphite materials 
(especially, surfactant-assisted ultrasonic exfoliation of 
well-ordered crystalline graphite in water, organic 
solvents or supercritical liquids) is one of the most 
promising routes for mass production of such materials 
[4, 5]. Among techniques put forward to improve the 
graphite exfoliation into GNPs, graphite intercalation 
seems a simpler and more effective way [6, 7]. 
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Considering the aforementioned, the technological 

procedure of the exfoliation of a cold-expanded 
graphite intercalation compound in the presence of 
ammonium persulfate and sulfuric acid has been 
designed at the Department of Technology and 
Methods of Nanoproducts Manufacturing of Tambov 
State Technical University and “NanoTechCenter” 
Ltd. (both – Tambov, Russia). 

In this regard, to ensure the organization of new 
industrial production, the development of a design of 
industrial equipment for fabricating graphene-based 
materials could be the next phase of complex research 
and development activities, where it is highly required 
to make mathematical models that would predict 
almost all important process characteristics. 

Thus, at the current stage, the aim of the present 
study is to develop a methodology for calculating 
parameters of the industrial equipment regarding the 
dissolution of ammonium persulfate granules in 
sulfuric acid. 

2. Materials and Methods 
 

A more complete understanding of laws 
governing the dissolution process and its features can 
be achieved via mathematical field modeling of target 
parameters such as temperature, concentration, pressure, 
strength, velocity, etc. The quality of calculation 
techniques involved ensures their adequacy to simulated 
processes, reliability of implementation and validity of 
results obtained is of fundamental importance. 
Analytical approaches to the mathematical modeling of 
target parameter fields for industrial equipment meet 
these requirements. 

A clear method of digitizing spatial and temporal 
coordinates, together with an assumption underlying 
the constancy of process parameters in the spatio-
temporal region, allows avoiding the use of non-linear 
problem statements in mathematical physics that 
generally do not assume analytical solutions and 
significantly complicate numerical solutions. 

The method consists in representing the fields of 
determining parameters as a set of fields of spatio-
temporal regions that can be simulated by using 
analytical solutions to systems of linear partial 
differential equations solved under corresponding 
single-valuedness conditions. 

 
3. Results 

 
The process of synthesizing multi-layered graphene 

materials via graphite intercalation (Fig. 1) involves 
the following steps: 

– dissolution of ammonium persulfate granules in 
sulfuric acid; 

– processing of crystalline graphite using the 
ammonium persulfate solution in sulfuric acid; 

– ageing of the obtained graphite intercalation 
compound before its expansion;  

– hydrolysis; 
– washing of the expanded graphite intercalation 

compound (EGIC) to remove the sulfuric acid; 
– dispersion of the EGIC using an ultrasonic 

cavitation device; 
– partial dehydration of the product. 
The method for calculating parameters of 

industrial equipment to manufacture graphene-based 
materials includes mathematical models of the main 
production processes. 

The solution is prepared by dissolving ammonium 
persulfate granules in sulfuric acid. The mathematical 
model of this process allows evaluating the dissolution 
kinetics and the time for complete dissolution of the 
granules under the process conditions which include 
mixing, temperature and initial granule size. The model 
also makes it possible to determine the conditions that 
ensure completion of the process within a specified 
time frame. 

 

Fig. 1. Flow sheet for obtaining GNPs 
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3.1. Dissolution of Ammonium Persulfate Granules 

during Mixing 
 

It is assumed herein that the dissolution of the 
ammonium persulfate granules is due to the mass 
transfer from the granule surface into the liquid phase 
during the mixing. 

At the current time τ, the diameter of a spherical 
granule equals D(τ). The amount of substance 
transferred from the granule surface into the liquid 
phase during a time interval dτ while mixing can be 
calculated as follows: 

 

( )( )* .dM F c c d=β τ − τ                (1) 

The same amount of substance can be expressed 
in terms of changes in the granule diameter:  

 

 ( ) ( )( )3 34 .
3 sdM D D d= π τ − τ+ τ ρ

            
 (2) 

 ( ) ( )2 .F Dτ =π τ                             (3) 
 

By comparing Eqs. (1) and (2), and considering 
Eq. (3), we get: 

 

( ) ( )( ) ( )( )3 3 2 *4 ,
3 sD D d D c c dπ τ − τ+ τ ρ =βπ τ − τ  (4) 

 

after the transforms including the passage to the limit 
at dτ→0, this expression can be written as follows: 

 

 ( ) ( )*

0.
4 s

c cd D
d

β −τ
+ =

τ ρ                      
(5) 

 

With the initial condition presented by Eq. (6): 
 

 ( ) 00D D=                                (6) 
 

the solution to Eq. (5) will be as follows: 
 

 ( )
( )*

0 .
4 s

c c
D D

β −
τ = − τ

ρ                       
 (7) 

 

The mass transfer coefficient for the particle 
dissolution in a wide range of Reynolds numbers can 
be determined according to Eq. (8):  

 

0.62 0.50.16Re .dNu Sc=                 (8) 
 

Since the mass transfer coefficient is a function of 
the particle diameter, and the concentration of the 
granule substance in the solution depends on the time, 
the parameters of the granule dissolution are calculated 
at successive short time intervals, during each of which 
the mass-transfer coefficient and the concentration of 
the solution are considered constant. 

3.2. Dissolution of Ammonium Persulfate Granules 
without Mixing 

 
The field of ammonium persulfate concentrations 

in the acid surrounding the granule can be simulated 
through solving a non-stationary problem for diffusion 
in a hollow sphere according to the following 
equations: 

( ) ( ) ( )2

2
, , ,2 ;s

a r a r a r
D

r rr

⎛ ⎞∂ τ ∂ τ ∂ τ
= +⎜ ⎟⎜ ⎟∂ τ ∂∂⎝ ⎠  

  0 1;R r R≤ ≤                        (9) 
 ( ) ( ),0 ;a r f r=                          (10) 

 ( )0 , ;sa R τ =ρ                           (11) 

 ( )1, 0.
a R

r
∂ τ

=
∂

                         (12) 

The solution to this problem is obtained by an 
integral transform technique along the coordinate r, 
relative to the boundary concentration ρs. The use of 
finite integral transforms is described in [8]. 

The transition to images is performed according 
to the following formula: 

 

 ( ) ( ) ( )
1

0

2 , .
R

R

A r a r P r d rτ = τ∫           (13) 

 

Herein, P(r) is the solution to the auxiliary 
problem: 

 

 ( ) ( ) ( )
2 2

2
2 0;

s

d P r d P r
P r

r d r Dd r
μ

+ + =     (14) 

 ( )0 0;P R =                               (15) 
 

 ( )1 0.
d P R

d r
=                           (16) 

This solution, up to a constant factor, is given by 
Eq. (17): 

 ( ) 1 sin ;n
n

s
P r r

r D

⎛ ⎞μ
= +ϕ⎜ ⎟⎜ ⎟

⎝ ⎠
            (17) 

 

and the numbers μn and φn determined based on Eqs. 
(15) and (16): 

0 ;n
n

s
n R

D
μ

ϕ =π −  

where the numbers μn are consecutive positive roots of 
the equation 

1 12
1 1

1cos sin 0.n n n
n n

s s s
R R

D R D DR

⎛ ⎞ ⎛ ⎞μ μ μ
+ϕ − +ϕ =⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠  
 (18) 
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By considering Eq. (13), the integral images of 

the problem described by Eqs. (9) – (12) are as 
follows:  

( ) ( )2 ;
d A

A
d
τ

= − μ τ
τ                     

 (19) 

( ) ( )( ) ( )
1

0

20 .
R

R

A r f r P r d r= −ρ∫
              

 (20) 

The solution to this problem is given below:  
( ) ( ) ( )20 exp .A Aτ = −μ τ                  (21) 

According to the reverse transition formula, it can 
be transformed as follows:  

 ( ) ( ) ( )
1

, ;s
n

A
a r P r

N

∞

=

τ
τ = ρ +∑                (22) 

(the summation is taken over the values of μn) 
where 
 

  

( )
1

0

2 2

1
1 1sin cos

2 2

R

R

s

s s

N r P r d r

DR R R
D D

= =

⎛ ⎞ ⎛ ⎞μ μ
= − +ϕ +ϕ −⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟μ ⎝ ⎠ ⎝ ⎠

∫

 
0

0 0sin cos .
2 2

s

s s

DR
R R

D D

⎛ ⎞ ⎛ ⎞μ μ
− + +ϕ +ϕ⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟μ ⎝ ⎠ ⎝ ⎠

(23) 

 

At the current time τ, the diameter of the spherical 
granule equals D(τ). The amount of the substance 
transferred from the granule surface into the liquid 
phase during a time interval dτ without mixing can be 
estimated as follows:  

 

( ) ( )0,
.s

a R
dM D F d

r
∂ τ

=− τ τ
∂            

 (24) 

By comparing Eqs. (24) and (2), and considering 
Eq. (3), we get: 

 
 

( ) ( )( ) ( ) ( )03 3 2,4 ,
3 s s

a R
D D d D D d

r
∂ τ

π τ − τ+ τ ρ =− π τ τ
∂  

 (25) 
 

after the transforms including the passage to the limit 
at dτ→0, the equation can be modified as follows: 

 

( ) ( )0,
0.

4
s

s

a Rd D D
d r

∂ ττ
− =

τ ρ ∂                
 (26) 

 

With the initial condition described by Eq. (6), the 
solution to this equation will be as follows: 

 

( ) ( )0
0

,
.

4
s

s

a RDD D
r

∂ τ
τ = + τ

ρ ∂
                  (27) 

In this case, the parameters of the granule 
dissolution are also calculated at successive short time 
intervals, during each of which the concentration 
gradient near the granule surface of granules is 
considered constant. 

 
4. Discussion 

 
The approach to mathematical modeling of non-

stationary processes proposed herein has been tested in 
our previous studies [9–11]. It has some characteristic 
features and imposes a number of specific requirements 
on the formulation of linear problems, thereby 
allowing for reducing the solution to a non-linear 
problem to a set of solutions for corresponding linear 
problems. Thus, in general, initial conditions must be 
random, and design profiles obtained for the end of the 
previous time domain of the current unit area may in 
special cases be used as initial distribution. 

The finite integral transform method possesses 
some practical advantages over the other analytical 
techniques: 

– it is unified for solving problems with various 
formulations and does not require ingenuity in 
technical methods; 

– it allows for finding solutions to problems with 
inhomogeneous boundary conditions without 
representing the problem as a set of stationary and 
non-stationary components; 

– it assumes simultaneous transforms in several 
(or all) spatial coordinates, as well as in coordinates, 
along which the changes in medium properties are 
stepwise; 

– it allows for finding solutions in the standard 
form suitable for computer implementation. 

The main difference between finite-limit integral 
transforms and operational calculus lies in using a 
wide range of transforms, the kernels and weight 
functions of which are determined individually for 
each specific problem. 

 
5. Conclusions 

 
1. The methodology for calculating parameters of 

equipment for the industrial production of graphene-
based materials via graphite intercalation was 
developed based on mathematical modeling of 
consecutive processing steps. 

2. The modeling approaches used were illustrated 
by an example of modeling the process of dissolving 
solid ammonium persulfate granules in sulfuric acid 
during and without mixing. The interval algorithm for 
simulating processes with moving interface boundaries 
was employed. 

3. The simulation results obtained were used in 
developing the technological scheme for obtaining GNPs 
(Fig. 1) at “NanoTechCenter” Ltd. (Tambov, Russia). 
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